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GALOIS' THEOBT OF ALGEBRAIC EQUATIONS. 
PART II. IRRATIONAL RESOLVENTS. 
Br James Pjerpont. 
Introduction. 

In Part I the reader has gained an apergu of the essential features of 
Galois' Theory. To make this as easy as possible all details were left aside ; 
furthermore, only rational resolvents were considered. In the present paper 
we complete our account of Galois' Theory by 1° showing that all the steps 
required by Galois' theory can actually be performed ; 2° by developing some 
of the consequences which follow when we make use of irrational resolvents. 

The importance of the second topic can already be seen. In §31 we es- 
tablished a sufficient condition in order that an equation f(x) = can be solved 
algebraically. Is this condition necessary ? The reasoning employed in Part I 
can never answer this question, for all the auxiliary equations there employed 
were rational resolvents ; i. e. , equations whose roots were rational functions 
of the roots of the given equation f (as) = 0. To show that our condition is 
not only sufficient but also necessary we must study the effect of adjoining 
roots of equations which are not rational in the roots of /= 0. Such equa- 
tions are called irrational resolvents. The theory of irrational resolvents en- 
ables us not only to answer this important question, but is also of fundamental 
importance in many other investigations. 

Consider now the first topic. This will not appeal to all readers alike. 
We show, indeed, that every step required by Galois' theory in the solution 
of a given equation can actually be performed. But such solutions will seem 
very illusory to some readers when they reflect how tremendous the calcula- 
tions are, even when every known device is employed to shorten them. To 
this we reply twofold : First, the length of the calculations is not at all pecu- 
liar to our theory. Consider e. g. the corresponding problems in the theory 
of Partial Differential Equations or the calculations that certain astronomical 
problems of to-day require. Secondly, we can take a higher standpoint. 
We can say that a mathematical theory takes an immense step in advance 
when its logical definitions are replaced by those which enable us actually to 

(22) 
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find or decide what we are defining. Such definitions afford us a far deeper 
insight into the nature of the quantities or objects they involve. 

All Operations Bequihed in Galois' Theory can be Performed. 

37. Statement of the Three Remaining Problems. The scheme 
for solving a given equation as developed in Part I required : the determina- 
tion of the Galoisian Group, the determination of its subgroups, and the con- 
struction of rational functions of the roots belonging to these subgroups. In 
§ 19 the determination of the Galoisian group was reduced to the determination 
of the irreducible factors of the Galoisian Resolvent. In §18 the construction 
of rational functions of the roots belonging to a given group was reduced to 
the problem of deciding whether two rational functions of the roots are equal 
or not. 

We have, then, three problems before us if we wish to show that all steps 
required in Galois' theory can actually be performed, viz. : 

Pkoblem A . To determine all the subgroups of a given substitution group. 

Problem B. To determine whether two rational functions of the roots of 
the given equation are distinct or not. 

Problem C. Reduction of an integral rational function of one variable 
into irreducible factors for an arbitrary domain. 

In solving these problems our aim will not be to effeot the solution in the 
most expeditious manner, but merely to show that each can be solved by a finite 
number — easily determined in advance — of operations each of which can be 
actually executed. 

38. Problem A. This is easily disposed of. Let G be the given 
substitution group. All its subgroups may be found thus. Take at random 
a set 8 of substitutions in G, say a, 13, y ... . Form all products of pairs 
a/3, ay, f3y, .... If these Ho in 8, 8 is a subgroup ; otherwise not. As 
there are only a finite number of sets 8, these can be written down and ex- 
amined. The sets 8 which we have actually to consider in any given case can 
be limited to a large extent. Thus : in each set the identical substitution must 
be present ; again if a is in 8, so are a 2 , a 3 , . . . ; and finally, the number of 
substitutions taken in 8 must be a divisor of the order of G, etc. , etc. 

39. Canonical Form of a Domain. Before taking up Problem B 
it will be convenient to find a simple form to which any domain Ii may be re- 
duced. Our domains as we saw §2 consisted of certain quantities^, q i . . . 
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and algebraic functions built up on them. The q'a that are transcendental con- 
stants can be replaced by indeterminates without altering the character of our 
results. Thus without loss of generality we can suppose the q'a are variables. 
The algebraic functions in R may be obtained progressively as follows. The 
first lot will be roots of algebraic equations 

fi = 0, /, = 0, / s = 0, (1) 

whose coefficients lie in Q(q t , q 2 . . .). 
Let their roots be 

x 1 , x t , . . . . ; y v y % , . . . . ; z lt z 9 ; . . . . (2) 

We can suppose that only one root is taken from each equation (1) ; for if sev- 
eral lay in R, we can suppose the equation repeated in (1) as many times as 
we take roots from it. Furthermore we can suppose the equations (1) are irre- 
ducible for Q. Say the roots we need to take for our first step are x, y, z, . . . 
Form the rational function 

(- = ux + vy+wz+ (3) 

where u, v, w, . . . are indeterminates. In (3) replace x, y, z, . . . by all 
possible sets taken from (2), and let f go over into ft, ft, ... . The equation 

^(0=(M)('-ft)(*-ft).... = o 

is evidently rational for Q, since its coefficients are symmetric functions of the 
roots of (1). 

We show now that the domains T (Q, x t y, z ) and T (Q, {) are 

identical. For evidently T lies in T t since every rational function of f is a 
rational function of a, y, z, . . . . Conversely T lies in T. For let 
<f> (x, y, z, . . . ) be any quantity in R and let </> go over into <J> lf <f> t , . . . . for 
the substitutions which converted | into ft, ft, ... . Consider the function 



G 



»-*»$i*!+r*k + ""i- 



Being symmetrical in the roots of (1) its coefficients lie in Q. It is therefore 
a rational polynomial in t. For <=£ it gives 

0(f) = ***(£), (4) 

where F>(t) is the derivative of F(t) t .-. <j> lies in T. 

From this point all new algebraic functions which we need to adjoin to get R 
can be taken one at a time. The general case is this : We have a current domain 
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-X"(f, Q) which we enlarge to Y(t), X), by adjoining to Xa root i\ of an irre- 
ducible rational equation for X, say h(t, £) =0. The algebraic function f is 
root of an irreducible equation ; say F(t, Q) = for Q. To reduce this case 
to the preceding, form the product 

H(t)=h(t,£)h(t,£ 1 )h(t,£ 2 ) 

extending over all the conjugate roots to £. Evidently the coefficients of H 
lie in Q. Let k(t, Q) be the irreducible factor which vanishes for t = 17. 
Evidently now the domain I 7 " may be generated by adjoining to Q a root of 
each of the equations F(t, Q) = 0, h(t, Q) = 0. We have thus the 

Theorem. Every domain of rationality may be regarded as generated 
by a certain number of variables or indeterminates q lt q t • • • • and a single root 
I of an equation rational and irreducible for the domain Q(q t , q 2 , . . . .). 

Definition. When a domain R ({, q u q if . . .) is considered as generated 
by a single algebraic function of certain variables q lf q 2 , ... it is also called a 
body (Horper). 

Definition. Let/ (f) be a quantity in R (f ) , the product Nf=f (£)/ (f 1 ) 
f{%%) .... extended over all conjugate roots of f is called the norm of f. 
Evidently if f=gh, Nf=JSTg-Nh. 

Definition. If the degree of the irreducible equation for Q{q^, q t , . . ) 
which I satisfies is m, the order of R is m. 

With any quantity v lying in R, we can generate a domain 
3 {n, qi, q-z, . . . .) which, lying entirely in R, is called an inferior body of R 
( Uhterkorper) ; also a subdomain. We can call R a superior body of S 
(Oberkdrper) ; also superior domain.* 

40. Problem B. We have to determine whether the two rational func- 
tions 

<f>(x u x„ . . . ; q lf q it . . ., £), V ( x u x t> • • • 5 ?i>?i- •••«£) 
are equal or not. Here x lt x. 2 . . . are roots of the given equation f(x) = 0, 

* The reasoning employed to deduce (4) epables us to justify a tacit assumption made §12, 1 °. 
We assumed there that <t>(x v x t , . . .) = ^ (F,1 =^ (F,1 =. . . t=f (F m ) because 4>(r v x t , . . .) 
remained unaltered for the substitutions (3), §12. That thin is iudeed so we can now easily 
show. In fact, take for (, {,, {,,... above, V,. V v . . . V m ; then 



' F'( Vi) 



= r a + 'iV t + . . +r m - 1 V?-\ f = 1,2... m. 



Here the r's are the same for all i. This shows that in (4) §12, the m substitutions (3) can be 
effected and the resulting equations are correct. 
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and the domain is E (fj, q x , y 2 . . . .) . Let the Galoisian Resolvent G = be 
of degree m, then by §11,(3) we have 

<p = r + r x V+ . . + »Vi F"- 1 ; f = s + s x V+ . . + s m . x F"- 1 . 

In order that $ = ^ it is necessary and sufficient that r K = s K , k = 0,1, . . . m — 1 . 
For, ^ — -^ = is a rational equation in V of degree < m and this is impossi- 
ble, since G = is irreducible, unless r K — s K — 0. 

The question is thus reduced to decide whether two rational functions of 
f for Q (ft, g 2 , . •) are equal or not. Repeating the reasoning for £ that we 
have just made for V, the question becomes this : To decide whether two integral 
rational functions for -B(l), viz. 

L{lu9i- •)» -Wfauft • . .) 
of the independent variables q u q 2 , . . are equal or not. This problem is no 
more difficult if, instead of -R(l), we take any other domain & containing only 
constants. 

Let us begin with a single variable. The integral rational function 

G (qi) =a q« + a, gf» + . . + a „, 

the a's being constants, can vanish but n times unless the a's are all zero, when 
it vanishes identically. Observe that we can therefore give q x an infinity of 
values, integral values for example, for which G^O. 

Pass now to two variables q u q 2 . Let G (q x , q 2 ) be of degree n x in q x and 
of degree n 2 in q^. We can write it, 

#(fc. ft)=?Jtfo(fc)+fip- 1 0i(«'i) + • • +ffn,(qi)- 
Here we can choose q x in an infinity of ways so that all the g'a are ^0 unless 
the g's are identically zero. Let q x = a be such a value. We can choose q t in 
an infinity of ways so that G (a, q 2 ) ^0. Hence we can choose the variables 
q u q 2 in an infinity of ways, choosing even integers, so that G^O. G (q x , q%) 
cannot = in the sense of §5 unless all the coefficients of q x , q % are zero. 

The generalization to n variables is evident, giving the following theorems. 

Theorem I. Being given any finite number of rational integral func- 
tions of the independent variables q x , q. 2 , . . ., 

G(q x , &, . . .), H(q x , q it ...),... 

the coefficients of no one of which are all zero, it is possible to choose the varia- 
bles in an infinity of ways — taking even integral values — so that none of the 
functions vanish. 
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This shows that the n ! valued function of §8 can be constructed. 

Theorem II. If the integral rational function G(jq v , q it . . .) with con- 
stant coefficients vanish in the sense of §5, all its coefficients must be zero. 

Since F = G is equivalent to F — 6 = 0we have also 

Theorem III. If two integral rational functions F(q u q t . . .), 
G(qi, q 2 , • . .) with constant coefficients are equal, it is necessary and sufficient 
that the coefficients of like terms in F and G are equal, i. e. F and G must be 
formally equal. 

41. Lagrange's Formula of Interpolation. In this connection 
let us show how an integral rational function F(q , q lf . . . q„) of n + 1 varia- 
bles and of degree n^m q is known when its values f K (q u y 4 . . . q n ) are 
known for n + 1 distinct values of q , say for q = a , a lf . . . o^. "We shall 
need this in Problem O. We set 

A (?o) = (?o — «o) • • • (to — ««-i) (?o — ««+i) •• • (?o — «n)> * = 0, 1, . . . n„. 

Evidently L K * for y = a « while L K = for the other a's. Consider now the 
function 

<t>(q<>, ?i, • •?») = ]T/ 4 (!Zi, • • ? n )x4fr C 1 ) 

Evidently •£(«<, g^ft. • • In) =/< (?i» • • • ?»)> * = 0, 1, . . re„. 

Hence by §40, <I> = F. The right side of (1) is called Lagrange's Formula of 
Interpolation. 

42. Uniqueness of the Decomposition of an Integral Function 
into Irreducible Factors for R (1). We turn now to Problem O. We 
consider first the decomposition of integral rational functions with integral co- 
efficients for i? (1). This problem we break up into two parts. We show 
first that the decomposition is unique, and then show how the irreducible fac- 
tors may be actually found. 

For brevity we shall call in this and the following § integral rational 
functions with integral coefficients integral functions. We wish to prove the 

Theorem : An integral function can be decomposed in but one way into 
irreducible factors for B ( 1 ) . 

Our method is that of complete induction. Let us recall, therefore, how 
the corresponding theorem is proved for integers. The demonstration rests 
essentially on the Euclidian algorithm of the greatest common divisor. In 
fact, this algorithm gives at once : 
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(a) If F, G be two integers which are relatively prime, then there exist 
two integers A, B for which 

AF+BG=1. (1) 

From this we conclude : 

(b) If EF is divisible by the prime G and if F is not divisible by G, 
then E is. 

From (1) it follows that AEF + BEG = E. Here the left side is divis- 
ible l>y G since by hypothesis EF is. Hence the right side is. 
From this follows easily : 

(c) The decomposition of an integer into prime factors is unique. 

For say F= P t P 3 . . . P m = Q l Q t . . . Q n were two such decomposi- 
tions. As F is divisible by P x the product Q t • Q t . . . Q n is. Hence by 
(6> either Q x is divisible by P l or Q 2 . . . Q n is. If Q t is divisible, Q Y = P x 
since P is a prime. We have then established the identity of one of the 
prime factors in the two decompositions. If Q } is not divisible by P lt then 
Q»' Of > • Qn is. and (b) shows that either Q 2 or Q a . . . Q n is divisible by 
Pi. Evidently we must finally come to a ft which = P,. A repetition of 
this reasoning on the quotients that remain after P x has been divided out es- 
tablishes the theorem. 

We proceed now to prove the analogous theorems to (a), (b), and (c) 
for integral functions. We shall denote these theorems by A, B, C. We shall 
frequently need to consider an integral function F(q , q lt . . . q n ) as a function 
of one variable, say q . We shall indicate this by writing it F(q ; q u . . . q n \ 
or more shortly F(q ) . Also, as in arithmetic, we write F = 0, mod G, when 
F is divisible by G ; while-P $ 0, mod G, indicates that F is not divisible by 
G. We shall not repeat the modulus except to avoid ambiguity. We must 
first establish a number of auxiliary theorems.* 

Theorem I. If the integral function F(q , <?,... q n ) be divisible by 
an integral function of only n variables g(q u q % . . . q n ), then each coefficient 
of F(q ) is = mod g. 

For 

F(Qo)=Mqi, • • • q n )q%' +/i(?i, • • • q»)W 1 +- • • (1) 

=.7(?i> • • • <?»)•#( <?o> qi, ■ ■ - q„) 
=.?0/i> • • • q») {*o(?i. • • • q»)& + *i(ft, • • • q n )<fr- 1 + - • • J (2) 

* The reader will grasp these demonstrations much better if he goes through the reason- 
ing first for the case n = 1. He can then extend it to the case n = 2. The general case will 
then give no trouble. This applies also to §41. 
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The comparison of (1) and (2) gives §40, 

/« (ft. • • -ft) =9 (ft. • • • ft.) K (q lt ...?„). * = 0, 1, . . . 

Theorem II. If F(q . . . q„) and G(q 9 ... q n ) be integral func- 
tions of n + 1 variables and if F G be divisible by an integral irreducible 
function of n variables </(ft . . . ft), while F is not, then G is divisible byg. 

We suppose Theorem B (stated precisely below) is true for n varia- 
bles. As we are reasoning from n to n + 1, this is permissible. We have, 
assuming that, say, F contains the variable q , 

F{q a ) = a + «i ft + «2ft* + • • • 
#(ft) = &o + &i ft + h q\ + . . . 
Since F& mod /, at least one of its coefficients is ^ 0. Say the first such 
is a a . To show G = 0, suppose the contrary. Then at least one of its co- 
efficients ■£ ; say b^ is the first such. 
Then 

FG=(a a q* + a a+1 qt+i + . . •) (&*?£+ &*+i?g +1 + • • •) 

— a a bp ql +(i + terms of higher degree in q t . 

Here by Theorem I every coefficient on the right side is = 0, .•. a„ fy, = 0, 
.•. by Theorem B, b ff = and this is a contradiction. 

Theorem III. Let F(q . . . q n ), G(q . . . q„) be integral functions 
of n + 1 variables and let G be irreducible. If the quotient F/G can be 
written 

F 

-q = a + a y ? + a 2 q\ + . . . 

where the a's are rational functions of the other variables, then they are also 

INTEGRAL. 

For the right side can be written 

F _ g + a x q + at q\ + . . . ■ 
G- fi 

where the a's and y8 are integral in q lt . . . q n and without common divisor, 
We have now 

/3F= G(a +a iqo + ...) =G.H 

Here /9 divides Gil, while H is not divisible by a single prime factor of /3 . 
Applying Theorem II we conclude that /3 divides G. But G is irreducible 
.-. 0=1. 
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Theorem IV. If the integral function of n + 1 variables F(*q a , q x . . . q n ) 
can be split into two factors 

F(q . . . qi) = G(q ; qi . . . q n ) H{q ; q x . . q H ), 

integral with respect to q and rational in the other variables q lt . . q n , then G 
and H can be so taken as also to be integral in q u . . . q n . 
For clearing of fractions we have 

1 {qo ' ' ' 9n) ~ H^7^) 

where G lt Hx, k are integral functions of the variables indicated. We can also 
suppose G x to be irreducible. We have now 

F{q • • • g„) = Hi(q • • • q„) 
Gi(q •••?„) Hqi • • q») 

The application of Theorem III shows that F is divisible by G v 

This theorem is the generalization of Gauss' theorem in one variable. 

We conclude now at once : 

Theorem V. The integral Junctions F(q Q . . . q„), G(q . . . q n ) are 
relatively prime or not according as F(q ), G(q ) are. 

We are now able to establish 

Theorem A. If two integral functions F(q . . . q n ) and G(q . . . q n ) 
are relatively prime, there exist two functions A(q . . . q„), B(q . . . q n ) 
integral with respect to q and rational in q lt . . . q n so that 

AF+ BG = \. 

For the algorithm of the greatest common divisor of F(q ), G(q ) deter- 
mines two functions of just this type. 

We can now prove 

Theorem B. If the product of two integral functions F(q . . . q n ) 
F(q . . . q n ) of n + 1 variables is divisible by an irreducible integral func- 
tion G (q . . . q n ) and if E is not divisible by G, F must be. 

We have assumed this true for n variables ; we show now it is true for 
n + 1 variables. For n = it is Theorem (b) . 

From Theorem A we have AE + BG= 1. Multiply this by E/G. Then 

AEF E 

-IT + BE = G 
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Since EF is divisible by G, the left side is integral in q and rational in 
q lt . . . q n . Then Theorem III shows that E is divisible by G. 

Theorem C. An integral rational function F(q , q u . . .) of the inde- 
pendent variables q , q x . . . with integral coefficients can be decomposed into 
irreducible factors for JR(l)in only one way. 

This is demonstrated precisely as (c) , ante. 

43. Actual Decomposition of F(q , q x , . . . q„) for B(l). We 
suppose the problem solved for n variables and show how to solve it for n + 1. 
When n — 0, we have the decomposition of an integer into prime factors. 
Suppose F to be of degree m with respect to say q . Theorem IV §42 shows 
that in seeking a divisor G(q , . . . q n ) of Fwe need consider none of de- 
gree higher than ft § m /2 in q . This restricts the possible form of our divis- 
ors somewhat. A far more incisive restriction is obtained from the simple 
observation that, giving to q an integral value, say q = a, G(a, q u . . . q„) 
must be a divisor of F(a, q u . . . q„) . But F(a, q u . . . q„) being a func- 
tion of only n variables, all its divisors can be found. G(a, q u . . . q„) must 
lie among these which are finite in number. With this we combine the fact 
that the function G(q ) is known when its values are given for p + 1 values 
of q by virtue of Lagrange's Formula. 

Let us give then q , fi + 1 arbitrary but distinct integral values 

q = a , a„ . . . a^, 
and denote the corresponding divisors of F(a K , q lt . • . q n ) by 

/:. /a, /'.", • • • * = 0, 1, 2 . . p 

Then 

G (a , q lt . . . q n ) must be one of the quantities /o>/o>/o" • • • 
G(a lyqi , .. .q n ) /i,/T,/i" ... 



0{%,q u ...q n ) fl,fl,f!I' ... 

That is, the possible values G can have for fi + 1 values are known. Hence 
G must be sought among the integral functions, finite in number, which take 
on these values/^ for q = « , a„ . . . a M . These are all given by Lagrange's 
Formula. Thus to decompose F we write down all these possible divisors 
G x , G 2 , . . . and divide F through by them ; if the division comes out without 
remainder the particular G in question is a divisor, otherwise not. 

44. Solution Of Problem O. Let F(t) be an integral function of 
t ; we seek to decompose it into irreducible factors for an arbitrary domain 



32 PIERPONT. 

•S(f» 1u 9i • • •)• ^*e coefficients of t we take as integral functions of 
£, y lf . . . whose coefficients in turn are integers. It may happen that F does 
not contain £ ; in this case we introduce an indeterminate u, and replace t by 
t + «£. At the close we make the inverse substitution. 

Suppose now F = GH for R. Taking the norm we have 

2TF = XTG-NH. (1) 

The functions 2fF, NG, JVXTare integral functions of t, q lf q % . . . u. From 
(1) we see at once that if NF is irreducible for -R(l), F is irreducible for R. 
From (1) we also conclude that if a divisor G exists, it must be a divisor of 
NG, i. e., every divisor of F is a common divisor of F and a factor of IFF. 
Hence in order to find possible divisors of F, we find its norm and all the 
divisors D u D if ... of this norm fori?(l). We then seek the greatest 
common divisor of F and one of these D's by the ordinary method. This 
takes but a finite number of rational operations. 

45. Irreducibility Of xP— a. Before leaving the subject of reduci- 
bility we prove the following theorem which we shall find useful later, although 
in no wise an illustration of the foregoing theory. 

Theorem. If p be a prime and a a quantity in a given domain H which 
is not the p th power of a quantity in R, then F(x) = as? — a is irreducible for R. 
For let 

G(x) = (x - p* £) (as - p e * £) . . . (x - />"» £) 

be a rational factor of F, where f is one root of F. All the coefficients of G 
lying in R, the absolute term, that is, 

„e, + e, + . . + em £m _ „e £m r\\ 

is in R. Unless m = p it is possible to determine n so that »w=l mod p. 
Say mn = 1 + pq. Eaise (1) to the n th power ; we get p en £'"" = p m a« % = b, 
and this lies in R. Then £ = />-«" cr q b. Baising this to _pth power we have 
p = a = (or* b) p , which asserts that a is the pth power of a quantity in R. 
Hence m = p. 

Irrational Resolvents. 

46. Kronecker'S Theorem. We turn now to our second topic : the 
role irrational resolvents play in the solution of equations. The theorem 
which lies at the base of the subject is due to Kronecker. 
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Fundamental Theorem. Letf(x) = 0, g(y) = be two rational irre- 
ducible equations for the domain li of degrees m, n respectively. If on ad- 
joining a root x x of f= 0, g(y) becomes reducible, the adjunction of a root y { 
of g = will make f(x) reducible. Let <f>(x), ijr(y) of degrees a, £ respect- 
ively be the irreducible factors for the new domains that x u y x satisfy, then 

m/3 = na. 
In fact, let the roots of 

/(s)=0, g(y)=0, *(*)=0, f(y) = 0, 
be respectively 

*n • • • «■ ; yu • • • y n ; *i» • • • *« ; yi, • • . y fi . 

Let i^, w, v) be the irreducible factor for i? of 

admitting the root < = ««, + vy x . Here «, t; are indeterminates. The degree 
of F call j ; we show j = to/9. 

To this end observe that F(t, 1,0) =0 has one solution in common with 
/= 0, hence it has all. Hence the index { in F runs from 1 to to. Consider 
now the factors of the form t — ux x — vy K in F. k must run from 1 to j8. 
For the product 

G(t, x x ) = Tl(t - ux l - vy K ), * = 1, 2 ... /3 

is a rational function of t for S(R, x^) and is furthermore a divisor of F(t) . 
Hence F (t, 1,0) has the /9-tuple root t = x lt and .•. x % , . . . x m are also 
£-tuple roots of F(t, 1,0). Hence j ^m/3. 

But we show also thaty 5 m /9. For the product of degree m in t 

H{t, u,v) = UO (t, x t ), , = 1, 2, . . . to, 

has a rational divisor for R iu common with F(t, u, v). Hence F is a divisor 
of II; .'.j <%m /3. 

Thus j = to 0. But in our reasoning on F(t) we can interchange x and 
y and it still holds. This would interchange to, n also a, /S. Hence,;' = n a. 

47. Some Immediate Consequences of Eronecker's Theorem. 

Theorem I. Let m be the order of the body R (£, q u q i . . . ) . 7%e order 
n of any of its inferior bodies is a divisor of to. 

For let 7) be used to generate #(77, q x , g 2 . . .), an inferior body of R 
of order n ; and let £ and tj satisfy respectively the irreducible equations 
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f(x) = 0, g(y) = 0. Since tj is a rational function of £ for Ii (q lt q% . .) the 
adjunction of f splits from g a rational linear factor. Applying Kronecker's 
theorem we have m = na, since here y3 = 1. 

Definition, a is called the relative degree of i? (f ) with respect to $ (v) . 

Theorem II. If the adjunction of a root y x of an irreducible equation 
g(y) = of degree n reduces the group Gof an equation f(x) = to a sub- 
group of index i, then n is a multiple of i and hence never less than i. 

For let F = 0, of degree m, be the Galoisian resolvent of /= 0. After 
the adjunction let its degree be a. From Kronecker's theorem the adjunction 
of a root, V, of F = must make g{y) reducible and the degree /Sof the 
irreducible factor for which y x is a root satisfies m B = na. As mja = *, we 
have n = iB. 

Theorem III. The letters having the same meaning as above, suppose 
n = i [this is always so if n is a prime]. Then g(y) — is a rational resol- 
vent. 

For here y8 = 1. Hence one root y x of g(y) = is a rational function 
of V= u l x 1 -f WjiCj + . . ., i. e. of the roots x u a; 2 . . . of f (x) = ; .•. 

yi = 4> (x x , «2, . . .). 

Apply the substitutions of O to <f> ; it goes over into say <f> lt <j> 2 , . . . The <f>'a 
arc roots of an irreducible equation <I> = 0. The two irreducible equations 
g = 0, <f> = 0, having one root in common, are identical. Hence all the roots 
of g = are rational in the x's. 

Theorem IV (Jordan) .* The domain being R, let the adjunction of all 
the roots y u y 2 , . . . of g(y) = reduce the group G of the equation f{x) = 
to a subgroup G lf of index i ; then the adjunction of all the roots x u a^, 
. . . off= reduces the group H of g = to a subgroup H x of index k. 
Furthermore i —k and G u Hi are invariant. 

1° { = k. Let the orders of G, H, G x , H y be respectively g, h, g u h x ; and 
let g = ia, h = k@. Then by Kronecker's theorem gB = ha. For the ad- 
junction of x lt x.i ... is the same as adjoining one root of the Galoisian re- 
solvent off= 0; and the same applies to the y's and the equation g = 0. 
Multiplying the equation gB = ha through by t, we infer that iB = h, and 
hence i = k. 

* First published Math. Annalen, vol. 1 (1869), p. 139. Kronecker's theorem was first 
published in a papor by Kneser, Math. Annalen, vol. 30 (1887), p. 195. We wish to remark that 
although wc have made Jordan's theorem depend on Kronecker's, it is on the much older theo- 
rem of Jordan's that most of the following work directly rests. 
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2° G u H x are invariant. For the group of f(x) — (ori8(yi y 2 . .) 
being G v let ^ (x x , a^ . . ) be a rational function for R of the aj's, belonging 
to 0\. Then cj> is rationally known for S, §12, 1°; *. e. 

4> = iKft>ft> • • •)• 

For the substitutions of G, <f> considered as a function of the x's will take 
on certain values fa fa, fa, . . ., which are roots of an irreducible equation 
4> = for R. Considered as a function of the y's, <f> — ^r takes on certain 
values ■$>, y^i, fa, . . for the substitutions of H. These are roots of an irre- 
ducible equation ^ = for R. The two equations <J> = 0, ¥ = 0, having a 
root <f> = yfrin common, are identical. Hence the conjugate functions fa,fa,.. . 
are rational functions of y u y 2 , . . . for R. Their adjunction cannot there- 
fore reduce G below G v Hence (J^is invariant. The same reasoning applies 
to if and H x . 

Theorem V. When the group H above is-simple, g(y) = is a rational 
resolvent for R. 

For the adjunction of the x's reduces H to some invariant subgroup. 
As it is simple, this subgroup is 1. But when the Galoisian group of an 
equation g(y) — is 1 the roots of g = must be rationally known. 

Theorem VI (Galois). The necessary and sufficient condition for the 
algebraic solubility of an equation is that its group admits a series of composi- 
tion whose factors are all primes. 

In §31 we showed this condition to be sufficient. Theorems III and IV 
of the present § will enable us to show that it is also necessary. Let us recall 
more precisely what we mean by saying an equation can be solved algebrai- 
cally. We may say in general : to solve an equation f = is to express ration- 
ally its roots in the roots of certain equations 

/ 1 = 0, /, = 0, /, = 0, , (1) 

which from a certain standpoint are simpler th&nf= 0. When the equations 
(1) are binomial equations 

y™ - a = (2) 

we say the solution is algebraic. In seeking, then, an algebraic solution of 

f=z0, we suppose the method of solving binomial equations already known. 

Since the various roots of (2) differ only by an mth root of unity, these are also 

known by implication, and we can suppose them to lie in our initial domain. 

If, then, the given equation f(x) = can be solved algebraically, some- 
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time on adjoining the roots of an equation of the type ( 2) the group of f(x) = 
must suffer a reduction. The equations (2) can be simplified. Since the rsth 
root equals the rth root of the sth root we can suppose m is a prime. Further- 
more we can suppose a is not the mth power of a quantity in the current do- 
main R. For then the roots of (2) already lie in R. Under these circumstances 
(2) is irreducible for R, §45. As the adjunction of the roots of (2) reduces 
the group, they reduce it to an invariant subgroup, say of index i, by virtue of 
Theorem IV. As the adjunction of one root has the same eflect as that of all, 
Theorem III shows that i — m, a prime. 

From Theorem VI we conclude : 

Theorem VII (Abel). Whenever an equation f(x) = can be solved 
algebraically, we can give the expressions for the roots such a form that all 
radicals R u R%, . . . entering them are rational integral functions of the aj'a and 
certain roots of unity with coefficients which are integers. The radicals 

R u R t , . . . form a sequence, 

A ' = F u R-t* = F t , -R» ' = F t , (1) 

where F K is rational in the radicals R„.\, . . . R\, and quantities in the origi- 
nal domain R. The exponents are primes and the equations (1) are irreduci- 
ble in their current domains. 

In fact such unit roots being adjoined as are necessary, let G be the 
group of f = 0. By the last theorem we saw it admits a series of composi- 
tion 

G, &i, G<t, ... G t = I, 
whose factors, 

Pi* Pi* • • -Pi* 
are primes. 

Let <j> (x 1} B.J, . . .) be an integral rational function of the roots of f= 
belonging to G u and let it take on the values <}>, fa, . . . <f> p _ t for G. Build 
now the cyclic function, §31, 

<f> + afa + . . . + aPri (f,^ - B x , 

where a is an imaginary j^th root of u»ity. Then R x is an integral rational 
function of the roots of /= and certain roots of unity, whose ^th power 
h\ is rationally known. The adjunction of the roots of 

B? = F 1 

reduces G to G v We proceed in the same way with the other radicals. 
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Some Celebrated Problems of the Past. 

48. Statement of the Problems. The theory of irrational resolvents 
enabled us to deduce Galois' criterion for the algebraic solubility of an equation. 
This is one of Galois' most brilliant achievements. We turn now to the con- 
sideration of certain celebrated problems which have baffled the efforts of past 
mathematicians and show how by employing irrational resolvents they may be 
readily disposed of. 

They are : 1° the Delian problem, or the duplication of the cube ; 2° the 
construction of regular polygons ; 3° the trisection of a given angle ; 4° the 
casus irreducibilis ; 5° the algebraic solution of the general equation of the fifth 
degree. 

The Delian Problem is this : Being given the length of an edge of a cube, 
construct geometrically, i. e. by rule and compass, the length of the edges of a 
cube twice the volume of the first. A pretty legend is connected with this prob- 
lem which is more than two thousand years old. A pest was raging at Athens. 
To obtain its abatement the Athenians sent to consult the oracle at Delphi. 
The reply came back that the plague would stop if the Athenians would dedi- 
cate to Apollo's temple at Delos an altar just double in size the one then there, 
which was a cube of gold. This the Athenians did, but the plague did not 
cease. They sent a second time to consult the oracle, which replied ; the 
new altar was indeed double in size but they had neglected to make it an 
exact cube. The plague was sent, so it was thought, because the Athenians had 
neglected the study of geometry. 

The problem is, then, to construct by rule and compass the real root of 
x 3 - 2 = 0. 

The Construction of Regular Polygons was one of the favorite problems of 
Greek geometers. The construction by rule and compass of polygons of 3, 4, 
5 and 15 sides and those immediately deducible from them by bisection was 
early found. The construction of other polygons baffled all their efforts. It 
was therefore a great surprise to mathematicians when Gauss showed (1801) 
that polygons of 17, 257, 65537 sides and in short all polygons the number of 
whose sides was a prime of the form 2 m + 1* can also be constructed. 

Let <f>(n) denote as usual the number of integers < n and relatively prime 
to n. We shall show that a polygon of n sides can then and only then be con- 

* It remains to be seen whether 2~+ 1 represents other primes than the five above given. 
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structed by rule and compass when ff>(n) is a power of 2. The problem is 
thus brought to a definite close. 

The Trisection of a Given Angle. This problem sprang from the preced- 
ing. For a polygon of 9 sides could be constructed if it were possible to tri- 
sect the arc subtended by the sides of the inscribed triangle. We shall gener- 
alize the problem and seek to divide any arc into n equal parts. 

The casus irreducibilis. This problem arose in connection with the solu- 
tion of the cubic. If we suppose this brought to the form 

x 3 +px+q = 0, (1) 

its roots have the well-known form 



x = v - iq + v^ft + V - to - V* ( 2 ) 

where E = -$* + ^p a = — - A- 

Now when the roots of (1) are all real, the coefficients being real, the discrim- 
inant A is positive, and y/jR is imaginary. (2) expresses thus the roots as the 
sum of two conjugate imaginary quantities. To Cardan and his contempora- 
ries who had no idea how such cube roots could be found this case was highly 
paradoxical. Since that time mathematicians have attempted to present these 
real roots as sums of real radicals. As their efforts were unsuccessful, the 
case when A > was known as the casus irreducibilis. We show that this 
case is indeed irreducible. 

The Algebraic Solution of the Quintic is another impossible problem 
which has engaged the attention of mathematicians for centuries. The impene- 
trable mystery which surrounded this problem was at length dispelled by Abel 
(1826). He showed that the roots of the general equation of the fifth and 
higher degrees cannot be expressed by means of radicals. 

Abel's demonstration is very long and very abstruse ; it was totally in- 
comprehensible to the ordinary mathematician of his time and only imperfectly 
grasped by the best. Galois' theory affords us a very elegant and simple 
demonstration. We have in fact only to apply Galois' criterion §§31, 47. 

49. Analytic Criterion for Geometric Constructions. The first 
three of these five problems depend upon the possibility or impossibility of 
constructing certain lines by rule and compass. To employ the reasoning of 
analysis we must deduce an analytic criterion for the possibility of these con- 
structions. To this end we remark that each right line and circle employed in 
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the construction is represented analytically by an equation of first or second 
degree. All points determined by their intersection are thus defined by a 
sequence of irreducible equations of second degree with real coefficients 

f x = 0, /, = 0, /, = (S) 

The coefficients of the first equation lie in a domain R generated by numbers 
determined by the data of the problem. The coefficients of the succeeding 
equations lie in a domain formed by R and the roots of the preceding equa- 
tions. This condition is necessary ; that it is sufficient, follows from the fact 
that the square root of any real positive number can be constructed geometri- 
cally. Hence the 

Theorem. The necessary and sufficient condition that a geometric con- 
struction can be effected by rule and compass is, that the coordinates of all 
points involved lie in a domain 2 generated by the roots of a sequence of the 
type S. 

Corollary. A root £, real or complex, of an equation f(x) = can be 
plotted by rule and compass in the complex plane when and only when £ lies 
xn a domain of the type 2. The coefficients of S can be imaginary. 

50. The Delian Problem If the problem be possible, the real root 

of a 3 - 2 = (1) 

must lie in a 2-domain ; the original domain R being here R(l)- Observe 
first that (1) is irreducible, §45. We prove now the 

Theorem. If a root of an irreducible equation F (a;) = lie in a 
"^.-domain, its degree m is a power of 2. 

For then at some point, say on adjoining the roots of f K = 0, F = be- 
comes reducible. Kronecker's theorem requires that m = 2a, i. e. that F = 
splits into two factors of equal degree. Since ultimately F (x) must possess 
a rational linear factor, m can contain no factor other than 2. 

The impossibility of the Delian problem now follows immediately. 

Corollary. In order that a root f , real or imaginary, of an irreducible 
equation f(x) = can be constructed geometrically, it is necessary that the de- 
gree of f be a power of two. 

51. Construction of Regular Polygons. We seek all regular 
polygons which can be constructed by rule and compass. We reduce the 
problem to a simpler one. Evidently if a polygon of m sides cannot be 
constructed,. one of mn cannot. Again if polygons of m and n sides can be 
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constructed, m and n being relatively prime, one of mn sides can be. For 
we can determine a, b go that am + bn = 1 whence a/n + b/m = 1/mn : i. e. b 
arcs of the first polygon plus a arcs of the second give an arc of a polygon of 
mn sides. Since every integer n can be decomposed in one way only into 
relatively prime factors 

n = p° 3* r* . . . ; p, q, . . . primes, 

our problem is reduced to that of constructing a polygon, the number of whose 
sides m is a power of an odd prime m = p a . 

Consider such a polygon. Its vertices are the m points in the complex 
plane 1, p, />",... roots of the equation x m = 1. In the next § where we 
shall study this equation we shall see that its roots can be constructed by rule 
and compass when and only when $(rn) = p a ~ 1 (p — 1) is a power of two. 
As <f>(mn) = <f>(m)4>(n) we have the following elegant 

Theorem (Gauss) . The necessary and sufficient condition that a polygon 
ofn sides can be constructed by rule and compass is that <j>(n) be a power of 2- 

52. The Roots Of Unity. We recall first a few facts from elemen- 
tary algebra. 

If a and b are relatively prime the roots of the equations 

x°=l, a» = l (1) 

have only unity in common. Hence if a be a root of the first and # a root of 
the second equation, aP is a root of «°* = 1 ; furthermore all the roots of this 
last equation are got by letting a, run over all the roots of their respective 
equations. Hence the solution of x n = 1 depends upon the equations 

x p "=l, a*»=l (2) 

where p a , q b , . . . are the relatively prime factors of n. 
These equations are of the type 

s m =l, (p a = m) (3) 

There are two ways of treating this equation. The first is to set xf — y, 

y p = z wp = 1, which reduces the solution of (3) to that of a — 1 

binomial equations and the determination of the j?th roots of unity. 

The second way is to consider (3) directly. We prefer this latter 
method here. We assume p is odd ; the case when p is even requiring only 
the extraction of square roots. 
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We begin by observing that (3) is not irreducible since evidently 
x»- 1 = (x p " l -l)(xU>- 1 »"~ l + x(P-*»" l + . ■ . + x'" l + 1) 

The second factor, call it H(x) , vanishes evidently for all and only for the 
primitive mth roots of unity. The solution of H = and (3) are equivalent 
problems. 

H(x) is irreducible for R (1). For let H(x) = P(x)Q(x). The 
coefficients of P and Q are integers § 42, IV. Observe that H (1) = p since 
H(x) contains p terms. As this is a prime one of the factors P (1), Q (1) 
is ± 1 ; say P (1) = ± 1. Consider now the product 

* (*) = n p (x k ) 

where X runs over all numbers < wi and not divisible by p. Then 

$> (1) =±1. 

Since P (x) vanishes for one primitive with root, 3> (a) vanishes for every 
primitive root .♦. 4> is divisible by H (x) ; say 4> (*) = H(x)JT(x), .•. 
<£ (1) = If (I) A"(l) or ± 1 = p- K(l) which is impossible as K (1) is an 
integer. 

The group qfll(x) = 0/or R (1) is now easily obtained. The equation 
H (x) = is irreducible and all its roots are rational functions of one of them. 
For such equations there exists the following 

Theorem. Letf(x) = be an irreducible equation of degree n and let 
all its roots be rational functions of one of them, say x v Then the order of its 
group G is n. 

For let Fi = Mj »!+.. + «„ x„ be a root of the Galoisian resolvent. 
Consider the two bodies R ( V{) and S (x x ). As Xx is a rational function of 
Vi, Sis an inferior body of R. As all the roots of /= are rational in x lt 
Vi is rational in x 1> .•. R is an inferior body of S, .*. R = S and the degree 
of the Galoisian resolvent and hence the order of tho group is n. 

We can now determine the group r of 11= 0- Let g be a primitive con- 
gruence root for the modulus m. Then 1, <7,<7*. . .g*~ l (where ft = <f>(m)) 

are incongruent, modulo »», and x K = p (* = 0, 1, ../*— 1, p = e •> ) are 
the roots of H=0. Since 11= is irreducible, T is transitive and contains a 
substitution s which replaces x by x t t. e. p by ps. This substitution thus re- 
places x K by x, +i ; .-. s = (0, 1, 2, . . . p. — 1) : .-. Y contains also 

1, 8, s* . . . a*" 1 (a) 



42 PIERPONT. 

It can contain no more substitutions since the order of T is /i. We have thus 

the 

Theorem. The group of H(x) = Ofor i?(l) consists of the /* substitu- 
tions («) . 

We prove now easily the 

Theorem. The equation H = is algebraically soluble supposing known 
the roots of unity whose indices are the prime factors of ft = <f>(m) . The 
necessary and sufficient condition that its roots lie in a 1,-domairi is that fi is a 
power of 2. 

For let q be any prime factor of fi = qr. The r substitutions 

l, t = s9, <*,... r- 1 

obviously form an invariant subgroup A of T of index q. Hence the factors 
of composition of T are primes. Then §31 shows that T is reduced to A on 
extracting a q\h root ; we need however a gth root of unity. 

Thus the calculation of the nth roots of unity is made to depend on the 
roots of unity of lower index. Evidently the preceding proves the 

Theorem. The roots of unity may be found by extracting roots of known 
quantities. 

53. The Multisection of an Arbitrary Angle a. The division of a 
into n parts will be possible or not according as the roots of 

x n = a (1) 

lie in a 2-domain wheie a = cos a + i sin a. As a will not in general be the 
nth power of a fraction, (1) is in general irreducible. Hence by §50 Cor. we 
have the 

Theorem. Any division of an angle, besides bisection, is in general im- 
possible, making use only of rule and compass. 

54. Casus Irreducibilis. That the attempt to express the roots of 
the cubic for this case by real radicals is impossible and that this casus is in- 
deed irreducibilis is made manifest by the following general 

Theorem. An irreducible equation f(x) = of degree n whose roots are 
all real can never be solved by real radicals alone if n contains other factors 
than 2. 

For proceed to adjoin real radicals of prime index. Suppose the first re- 
duction of the group G takes place on adjoining a root of 

y"-a = 0. (1) 

Here a by hypothesis is real. It cannot be the^?th power of a quantity in the 
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current domain 22, for then the adjunction of the real root could not reduce G. 
Hence (1) is irreducible for R. Hence by Theorem III, §47, all the roots of 
(1) are rational functions of the roots off= 0, therefore they are real, which 
is absurd, if p > 2. 

55. Impossibility of Solving Algebraically the General Equa- 
tion of Degree » > 4 ; Hubert's Investigations. Of the five problems 
we selected to illustrate the use of irrational resolvents, this is at once the most 
celebrated and difficult. We saw §15 that the group of the general equation 
f(x) = of degree n for a domain 11, containing the coefficients which are vari- 
ables, and such constants as we choose, is the symmetric group S n . To see if 
f= is algebraically soluble for R we have simply to investigate the factors 
of composition of 8 n . For n — 2, 3, 4 we saw these were primes. For n > 4 
they are not primes. We show, in fact, that the only invariant subgroup of 
/S n besides 1 is a subgroup of index 2 . This group is called the alternate group. 
The only factors of composition of S n are thus 2, £ n ! . The latter not being 
a prime we have the 

Theorem (Ruffini, Abel) . Tlie general equation of degree n > 4 can- 
not be solved algebraically. 

The demonstration that the factors of composition of S n are not primes 
is rather lengthy. A much shorter demonstration of the Ruffini-Abelian 
Theorem can be given by making use of Abel's theorem of §47. We prefer 
to give here a demonstration which rests on the factors of composition of S n 
because, in the first place, it establishes the theorem in question by a general 
principle, viz. the criterion of Galois, and secondly because to do this we shall 
need to develop a little more the theory of substitution groups which has 
been rather meagerly treated in this paper. Before going on we must call at- 
tention to a remarkable paper by Hilbert, Crelle, vol. 110, pp. 104-129. The 
theorem of Ruffini-Abel is unsatisfying as it stands ; it asserts indeed that the 
general equation of degree >4 is unsolvable by radicals, but it says nothing 
about special equations. It might well happen , as Dirichlet remarked, that every 
equation with integral coefficients was algebraically soluble. This is due to 
the fact that an integral rational function G(t u t$ . . ; u u u^ . .) of certain varia- 
bles t lt t 2 . . and indeterminates u lf u. 2 . . . may well be irreducible for R(l) 
as long as the w's were left indeterminate and yet be reducible for all integral 
sets of the w's. That this is not so, that in fact we can give the it's integral 
values &!, b t ... in an infinite variety of ways so that G(t t , t% . . . ; b u b 2 . .) 
is irreducible was shown by Hilbert in the paper just mentioned. 
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From this follows at once that there is an infinite number of equations 
with integral coefficients whose group for M(l) is the symmetric group. From 
this we conclude immediately that there is an infinity of equations with inte- 
gral coefficients whose group for i?(l) is any prescribed group. 

Excubsus on Substitution Groups. 

56. Odd and Even Substitutions. Definition. A transposition is 
a cycle of order 2. 

Thus (1, 2 ),(a,b) are transpositions. Every substitution can be repre- 
sented as a product of 'transpositions. For we showed § 6 that every substitu- 
tion oould be represented as a product of cycles. Evidently every cycle can 
be expressed as a product of transpositions. 

Thus (1 23 45) = (12) (13) (14) (15). 

We can represent a substitution a3 a product of transpositions in an infinite 
number of ways. Another decomposition of (12 3 4 5) into transpositions 
would be, e. </., 

(12 3 4 5) = (13) (24) (23) (34) (14) (15). 

We observe however the 

Theorem : The number of transpositions into which a substitution can 
be decomposed is always odd or always even. 

In fact let S = ABC . . L be a substitution of s elements consisting of 
7 cycles A, B, . . Let t be a transposition. Then St contains one more or 
one less cycle than S. 

For the two letters of t are 1° either in the same cycle, A, or 2° in different 
cycles, A, B. 

1° Let A = (a t . . . a m ), t = (a x a r ) ; 

then St = (aj . . . a r . a ) (a r . . . a m )B . . . L, which has one cycle more 
than S. 

2° Let A = (a 1 . . . a m ), B = (6 X . . . b n ), t = (a B 5„) ; then St = 
(aj . . . a a _! bp . . . b n bi . . . bp. x a a . . . a„) O . . ■ L, which has one cycle less 
than S. 

This established, let t lt t^ . . . be transpositions. Then St t has y + 1 or 
7 — 1 cycles. St^ has7 + 2, 7 or 7 — 2 cycles. In general St t . . . t r 
has 7 — T cycles, where T is odd or even with t. 
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Multiply now S by (t t . . . t^- 1 = t T . . . <i ; we have 

u4J?. . . Z« T ...<! = 1. (1) 

As the identical substitution is the product of s cycles each containing only 
one element of S, the left side of (1) contains n cycles. .•. n= y — T, .•. 2 
and hence also r is odd or even with n — y which is invariant. 

This theorem affords us a means of classifying substitutions. 

Definition. A substitution is said to be odd or even according as the 
number of transpositions which represent it is odd or even. 

57. The Alternate Group A u . Since the product of two even sub- 
stitutions is even, the even substitutions of any group form a subgroup. 

Definition. The group formed by the even substitutions of the symmetric 
group S n is called the alternate group, A„. 

Theorem I. The order of A* is i n\ In fact the even substitutions of 
any group Gfform a subgroup of index 2. For let 

9i> 9i> 9s • • • 
be the even substitutions of O, and let m be any odd substitution of G. 

<°9i> <°9t> <°9s • • • 
are evidently odd ; they are also distinct. Hence there are at least as many 
odd as even substitutions. Let now the g'a represent the odd substitutions 
of G and a> an even substitution. The same reasoning shows there are at 
least as many even as odd substitutions. 

Theorem II. A* is an invariant subgroup of & n . For let a be any sub- 
stitution of ^4„and s any substitution of S H . Then a is even by definition. 
Also s" 1 is odd or even with s. For if s = t x . . . . t r be a representation of 
s by transpositions, s" 1 = t T . . . < x . Hence sr 1 as is even, and so lies in A^. 

Theorem ni. If a group contains V all cyclic substitutions of the third 
order or 2° even the cyclic substitutions 

(12 3), (124) (12n) (a) 

it contains A n . 

1° For the substitutions of A n are products of pairs of transpositions. 
These pairs are either of the type (ab) (c d) or (ab){ac). 

But (ab)(cd) = (abc)(cad) 

(a b) (a c) = (ab c) 

Hence A„ contains no substitution which is not the product of cyclic substitu- 
tions of the third order. 
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2° Every pair of transpositions can be represented as a product of the 
substitutions (a). For any transposition (ab) can be written (la) (1 6)(1 a). 
Hence every substitution in A n is the product of pairs of the transpositions, 

(11), (12), (13), . . . (In). 

But any such pair can be written 

(la) (16) = (12 a) (12 a) (12 b). 

58. Series Of Composition Of S n . We have just seen that^l,, is an 
invariant subgroup of S n . It is maximum since its index is 2, the smallest 
possible. We prove now the 

Theorem. The only series of composition of iS„ it 

8 n , A. 1 5 n > 4. 

We show 1° A„ is simple ; 2°, $„ contains no other invariant groups. 

1° A n is simple. For let B be an invariant subgroup different from 1. 
Let a, b be substitutions of A n and B respectively. Then yS = b' 1 a' 1 ba lies 
in B since b' 1 and a^ba do. The operation which converts b into jS call T. 
By the aid of these T transformations we show B must contain at least one 
cyclic substitution of order 3. Begin by observing that every substitution in 
S n has one of the following 7 forms when written as a product of cycles, 
§6. The letters Ox, C 2 • ■ • represent cycles whose orders call c If Cj . . . 
respectively. 

I ; (12 . . . m) d C a . . . 

II; (12 3) (4 5 6) dC,. . . 

Ill ; (1 2 3) (4 5)0x0,. .. 

IV; (12) (3 4) (5 6) O x O % . . . 

V; (1 2) (3 4) Ox, Q, . . . 

VI; (1 2) O t C % . . . 

VII; (1)(2)(3)... (n) 

Type VI cannot occur in B since this contains only even substitutions. 
Consider now a substitution of B other than the identical substitution. It it 
be of /cth type denote it by b K , k = 1, 2, 3, 4, 5. Transform b K by T K which 
is got by using a K where a t = (123), a? = (145), a 8 = (124), a 4 = (135), 
a 5 = (135) . As a result we get /3 K where /3„ = b~* a'} b. a K . Then & = (124) , 
&= (14526), A = (12534), A = (135) (264), & = (13542). Hence if B 
contains a substitution of type I, T 1 converts it into a cyclic substitution of 
order 3. If B contains a substitution of type II, T 8 converts it into one of 
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type I, etc. Hence B contains a cyclic substitution of order 3 ; let it be 
b = (123). Let a = (1 r 3) ; then c = cr l ba=(r 21) and .-. c 2 = (12 r) are in 
B, r = 4, 5, . . n. Hence jB = A- §57 Theorem III. 

2° #„ contains no other invariant groups. For let C be such a group. 
If O contain substitutions of the types I — V it contains A n . It can thus con- 
tain only substitutions of types VI, VII, i. e. besides 1, only transpositions. 
It can contain but one transposition t, for otherwise it would contain an even 
substitution ?t 1. Hence O— [l,t\. On suitably choosing a substitutions 
in S„, s~Hs is anyjtransposition at will .-. O = S„. 

The Essential Elements op any Solution of an Equation. 

59. Abstract Groups. To solve an equation /(*) = means to ex- 
press its roots rationally in the roots of certain equations 

/; = o, / 2 = o (i) 

whose roots we suppose can be found or whose properties we suppose to be 
sufficiently studied. Since the resolvents (1) can be varied infinitely, the 
question arises : what remains invariant for these changes? 

We proceed to show that the group G of /= determines certain groups 

r„ r 2 , , (2) 

and that the sequence (1) must contain equations whose groups are the groups 
(2). If the solution is conducted as expeditiously as possible, the sequence 
(1) need contain only these last equations. These then are essential elements 
in every solution of the given equation. 

This statement we must explain in detail ; we begin by generalizing our 
notion of a group, which up to the present has been restricted to substitution 
groups. 

Definition. Suppose a finite number of things or elements T lt T 2 , . . . T n 
given ; we say they form a group if 

(«) A law of composition i.s given whereby from T a and T b , taken in a 
definite order, a definite T c is determined. The composition we call multipli- 
cation, and write T„ T b — T c . 

(b) Multiplication is associative, although not necessarily commutative. 

(c) There exists one and only one element T lt for which 

T X T K =T K T X = T K *=1, 2, ...n 
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This element is called the identical element and is conveniently repre- 
sented by 1. 

(d) For every element T K exists an element (denote it by 2 7 ; 1 ) such that 

T K T? = T? T K = 1. 

T? is called the inverse of T K . 

Examples : 1° Substitution Groups. That the elements of such groups 
have the properties (a) to (d) is obvious. Conversely, every finite group 
that satisfies the above conditions is isomorphic with a substitution group. 

2° Groups of Rotations of the Regular Bodies. The rotations which 
bring one of the regular bodies into coincidence with itself have obviously 
the properties (a) to (d). 

Consider, for example, the tetrahedron whose vertices call V , Fj, V 2 , V 3 . 
Let A be a rotation of 120° about the perpendicular from V$ on the opposite 
face. Let S be a rotation about the diagonal joining the middle point of 
V F x and the corresponding point of the opposite edge ; similarly let T be 
a rotation about the corresponding diagonal determined by V V. y All pos- 
sible positions of the tetrahedron are produced by the 12 rotations 

A" 8 b T°, « = 0, 1, 2; 6, c = 0, 1. 

These obviously form a group in the above sense. 

3°. Congruence Groups. Let ^bca prime ; we throw all intcgci-s not 
divisible by p into p — 1 classes so that all integers congruent to each other, 
mod p, fall into one class, while incongrucnt numbers belong to different 
classes. Thus : 

Ci\ 1, p+ 1, 2i>+ 1, 'ip+ 1 

C 2 ; 2, p + 2, 2p + 2, 'dp + 2, . . . . 

Op-i; p - 1, 2p - 1, 'dp - 1, 4p - 1 . . . . 

We define the multiplication of these classes thus : C„C b = C e where c 
is the smallest positive residue of ab, mod^>. We can show at once that the 
Cs form a group. 

Definition. All terms used in substitution groups, as subgroups, invar- 
iant subgroup*, order, index, isomorphism, etc., we extend to all those groups, 
which we call abstract groups. 

Two abstract groups G, H which are 1-1 isomorphic arc evidently, as 
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far as structure goes, not distinct. From this abstract standpoint we shall 
consider them as identical and write G — H. 

60. Factor Groups. Referring to §28 we observe that an invariant 
subgroup 1(1, a,b,.. .) of a group G(g x = 1, g. 2 , . . .) can be used to de- 
tine another abstract group. In fact, as the table B shows, / may be used 
to divide G into p classes G u 0* . . . G p , the substitutions of each row con- 
stituting a class. To define the multiplication of the C's let us designate the 
substitutions* a, /3, ... of J by new symbols j\ = 1, j 2 , . . . j„, which are 
more convenient for our present use. Let us in fact designate by j K the sub- 
stitution of J which corresponds to the substitutions of G in the *th row of 
B, i. e. the substitutions which form C K . We define now CC to be C x where 
\ is the index in j\j K = j k . Obviously the classes 'O u C 2 , . . . form a group 
which is 1-1 isomorphic to J. 

Definition. The group O lt C 2 , . . C„ is called & facta)- group and is 
written G/l. Observe then that G/I= J. 

We can evidently generalize this. Let G be, instead of a substitution 
group, any abstract group. By means of its invariant subgroups 2, we can 
form a perfectly analogous table to B, which as before may be used to throw 
the elements of G into a certain number of classes C x , C 2 , . . . Take now 
any element, say a g t in C, and any element, say bg„ in C K . The product 
ag t • bg K always lies in one and the same class, say C x , however a, b be chosen, 
i. e., X depends only on <, k. We define then multiplication just as before and 
set C, 0. = C x where X is determined as just stated. The C's form a group 
as before which we also call a factor group of G, and write G/I. 

We develop now some theorems on factor groups. As the reasoning is 
the same we suppose our groups are any abstract groups. The first eight 
theorems lead up to Theorems IX and X which are the ones we need. 

Theorem I. Let II(Ji x = 1, h t . . .), K (k x — 1, & 2 . . .) be any two 
invariant subgroups of G (g^ = 1, g 2 • •) ', the elements common to H and K 
form an invariant subgroup (cj = 1 , c%, . . ) of G. 

For g~*cg lies in H, if we consider c to be in H, and in K, if we con- 
sider c to be in K; .•. it lies in both i/and .ZT and hence in C. 

Theorem II. G, H, K, C being as before, let 
G/G = T( 7l = 1, 72 . .), II/G = A («! = 1, 8, . .), iqC =®(6 1 = 1, 2 . .); 
then A and ® are invariant subgroups of T. 

* For the notation c/. § 28. 
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Consider, for example, A ; the same reasoning applies to ®. We arrange 
our groups in the following array. Similar arrays should be written down 
by the reader in the succeeding theorems. 



G 



II 



"3> ^"3' c 3'h 



7i=l 

72 
73 



We observe that the elements of G corresponding toj^Sy have the form 
g l chg and this is an element of II, since it = g^cg.g^hg = c J h' = h" ; .-. 
y 1 8y is an element of A. 

Theorem III. Assuming here and in the foUoxoing theorems that H and 
K are maximum; then A, have only 1 in common. 

For to an element common to A and ® correspond elements of G common 
to H and K, i. e., elements of O. But to O con-esponds only 1 in T. 

Definition. When the elements of one group are commutative with all 
the elements of another group the two groups are called commutative. 

Theorem IV. The groups A, ® are commutative. 

For a = h- i e-ne = a- 1 -&-ne = s- i s' = 8" 

= 8- 1 0- 1 8-0 = 0'0 = 0". 

Hence a lies in A and ; .-. a = 1 and 80 = 08. 

Definition. The group A which is fonned by multiplying all the elements 
of two commutative groups B, C is called the product of B and C and is 
written A = BO = OB. 

Theorem V. The group fi = A® is identical with T. 

Observe first that fl is invariant under Y, since 

y l a>y = y- 1 -80-y = y- 1 8y-y- 1 0y= 8' 0' .-=<»'. 

Hence the group O in G corresponding to II is invariant under G. But O 
containing ZTand K must be G. 
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Theorem VI. T/A = and T/@ = A. 
Consider T/A ; the same reasoning applies to r/@. 
From Theorem V we can arrange T in the array 

^1 = 1> $2» §»» • • • 

#2> &2 #2» $3 #2» • • • 



But from (b) we conclude at once T/A = @. 

Theorem VII. G/H = K/C and G/K = H/C. 

Consider G/H; the same reasoning applies to G/K. We throw G into the 
array 

"1 = 1» «2> '*3» • • • 

(0) fh, hg*, hy-i> • • • 



This defines a factor group G/H. If now wc replace B lt B t . . . in (b) by the 
elements of G we get exactly the first row in (£) . That is, (b) and (/3) de- 
fine the same factor group © ; .-. G/H = T/A = ©. 

Theorem VIII. C is a maximum invariant group under H and K. 

For since H/C = G/K, if O were not maximum under H, K would not 
be maximum under G. 

Theorem IX. Let 

(1) G, G lt G„ . . . 1 

(2) G, H v H„ ... 1 

be two series of composition. The factor groups 

G/G u Gi/G 2 , 

G/H x , H x /H t , 

are, aside from their order, identical. They are an invariant of the group G. 
We prove this by induction, showing that if it is true for groups of order 
m it is true for those of order ^ 2m. For m = 2 it is obviously true. Let 
then G be the group of elements common to G lt H x . By Theorem VIII, O 
is maximum under G x and H x and the factor groups of 

(3) G, Gi, C, 1 

( 4 ) G, H x , C, 1 

are by Theorem VII identical. But, by the hypothesis for induction, the factor 
groups of G x , G 2 , ... 1 

G x , G, 1 
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are identical. Hence the factor groups of (1), (3) are identical. Similarly 
those of (2), (4) are; .-. those of (1), (2) are identical. 

From Theorem IX follows as corollary 

Theorem X. The factors of composition of any group are invariant. 

61- Holder's Theorem. We are ready now to formulate precisely 
the statements made at the beginning of §59. This gives us 

Holder's Theorem : For a domain H let f — have the group G whose 
factor groups, say, are F x , F % , . . . F m . Let the roots x x ,x 2 , . . . x n off= 
be rational in one or more roots of each of the eqtiations 

(A) h = 0, h 1 = 0, . . . A^=0. 

Here the coefficients ofh t lie in a domain M t which in turn lies in a domain 
generated by JR and all the roots ofh , h u . . h t _ v Let the group of h L = 0for 
R l be H,. Then the F's must be contained among the factor groups — call them 
<&j, <1> 2 . . . — of the H's. If the <t>\s contain only the F's, the equations A are 
rational resolvents for H . If we suppose the equations A to be simple, rS m. 
If r = m and the equations A are simple, then these equations are rational 
resolvents for JR . 

In fact, begin by replacing A by simple equations, §29. We get the 
sequence 

(B) k = 0, \ = 0, . . . . k s = 0, 

whose groups K t for their respective domains S L must be the <&'s. 

Consider the two equations h l — and k, = for the common domain S t . 
If the adjunction of the roots of &, = reduce ZT„ the roots of h t = are 
rational in those of h x = by §47, V, and k L = can be dropped from B. Let 

(B') k = 0, Jc[ = 0, ftj = 

be the sequence obtained by dropping out all such Jcjs. Here we can reason 
with &{ = just as we did with k r = 0. We shall thus drop out of B' all k's 
whose groups are reduced on adjoining the roots of k[ = 0. The resulting 
sequence we treat in the same way. Finally we arrive at a sequence : 

(O h = h % = 0, k ai = 0, k %i = 0. 

Here the domain of k a =0 is generated by B and all the roots of the pre- 
ceding equations in O. For this domain, let its group be T t . The T"s lie 
among the K's. 
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Adjoin now to f = the roots of k = ; if a reduction of G takes place 
let the new group be T . Then by §47, V, k = is a rational resolvent and 
by §60, T = G/r . Adjoin now the roots of k a = 0. If a reduction of r o 
takes place let the new group be r\. Then k a = is a rational resolvent and 
Tj = To/rp On adjoining the roots of the last equation of O the group of 
/= is 1. Hence the <5's embrace all the F's. If the <I>'s embrace only the 
i*"s, the sequence C must be identical with B, and we can adjoin the roots of 
no equation of B without a reduction of the group of /'= 0. Hence all the 
equations B and hence all the equations A are rational resolvents for B . 
Hence in every case r S m. 

If we suppose the equations A to be simple and r = m, then A = B = C 
and the equations A are rational resolvents for B . 

Every quantity not lying in a domain of rationality D may be called an 
irrationality with respect to D. If it is root of a rational resolvent we call it a 
natural irrationality, otherwise an accessory irrationality, in so far as it is used 
in the solution of the given equation. 

62. The General Quintic Q = 0. Hblder!s theorem is one of the 
most important and fundamental contributions to Galois' theory in recent 
years. Speaking roughly, it asserts that however the solution of a given equa- 
tion f(%) = be conducted, sometime in the course of the solution certain 
simple equations whose groups are uniquely determined and known in advance 
must be employed. 

When f(x) = is itself simple it can be solved by no simple equation 
g{y) = essentially different from /= 0. In fact §47, V, shows that the y's 
are rational in the x's and conversely. 

But of all simple equations f=0, g — 0, . . . having a certain group 
there will be some whose properties will recommend them as normal equations. 
The reduction of /= 0, g = 0, ... to such normal equations is a problem by 
itself. 

We illustrate the use of normal equations on the quintic Q = 0. On ad- 
joining the square root of its discriminant its group is A 5 , which is simple. 
Other algebraic equations having this group arise in the theory of linear differ- 
ential equations and the elliptic functions. The roots of these latter equations 
we can express in terms of the hypergeometric function or elliptic modular func- 
tions ; besides they have many other elegant properties, which recommend them 
as normal equations. Begin with the theory of linear differential equations. 
The hypergeometric function 
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^(a, 0, y, x) = 1 + -r-^- x + - ■ 7 x + " ' ' 

1 • 7 1 • z • 7 • 7 + 1 

is a solution of a very simple differential equation G = of the second order. 
For variable a, /3, 7, it represents a new transcendent ; but for certain special 
values of these parameters it reduces to the elementary functions ; e. g. it may 
become algebraic. In seeking for all these latter cases Schwarz was led to 
introduce a new variable s* which for certain values of a, /3, 7 satisfies the 
equation 

J(s) = 1728 xf 5 (s) - H\s) = 

where/(s) = s(s w + lis 5 - 1) and H(s) = s 20 - 288a- 18 + 494s 10 + 288s 5 + 1. 
This equation J — stands in so intimate relation with the icosahedron that it 
is called the icosahedral equation. In fact if we project stereographically the 
icosahedron on the s-plane, the centre being at the origin, the 12 vertices and 
the middle points of the 20 faces will be precisely the roots of F and H, re- 
spectively. 

From this it is easy to conclude that the group of J = is formed of the 
group of 60 rotations belonging to the icosahedron, §59. This group, abstractly 
considered, is identical with A 5 . Klein has shown that the icosahedral equa- 
tion whose roots are very simple known functions of F(a, y8, 7, x) can be put 
in connection with Q = ; it may thus be considered as a normal resolvent of 
Q = 0. 

Another normal resolvent, one which springs from the elliptic functions, is 
the following. In trigonometry, one of the problems is to express sin xjn in 
terms of sin x. Suppose for simplicity n is a prime ; this requires the solution 
of an equation of degree n — 1. In elliptic functions the same problem comes 
up. Here the algebraic relation between, say %>(u/n, m^ %) and f(u, co^, o) 2 ) is 
of degree /i 2 — 1 . The solution of this equation depends upon an equation of 
degree n 4- 1, called an equation of transformation. For n = 5 such an equa- 
tion is 

A 2 ?/ 6 + 10A?/ 3 - I2gtf +5 = 

whose roots are 

y = (,** _ f. i£i) "and (9 2<B * V 8 ™ 1 - f 4 * + 5 96mi ) *> 

r = 0, 1, 2,3,4 
Here A is the discriminant, g\ — 27<7Jj. 

* s is the quotient of two fundamental integrals of G = 0. 
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How equations of this type could be set in relation witn the quintic was 
first shown by Hermite (1858). 

Having found, in the elliptic functions, convenient normal resolvents for 
the general quintic, we might hope to employ the equations of transformation 
of higher orders to solve the general equations of higher degrees. 

The consideration of their groups, however, shows very easily that this is 
not possible. To find suitable equations we must pass from the elliptic to the 
hyperelliptic functions. By their aid, the general equation of every degree 
can be solved. 
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